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In this paper, we use singularity theory to study the entanglement nature of pure three-qutrit sys-
tems. We first consider the algebraic variety X of separable three-qutrit states within the projective
Hilbert space P(H) = P26. Given a quantum pure state |ϕ〉 ∈ P(H) we define the Xϕ-hypersuface
by cutting X with a hyperplane Hϕ defined by the linear form 〈ϕ| (the Xϕ-hypersurface of X is
X ∩Hϕ ⊂ X). We prove that when |ϕ〉 ranges over the SLOCC entanglement classes, the “worst”
possible singular Xϕ-hypersuface with isolated singularities, has a unique singular point of type D4.
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I. INTRODUCTION
Let H = C3 ⊗ C3 ⊗ C3 be the Hilbert space of pure
three-qutrit states. Up to multiplication by a scalar, ev-
ery three-qutrit state |ψ〉 ∈ H can be considered as a
point of the projective space P26 = P(H) (PN will denote
a projective space of dimension N). Separable states of
H are states that can be factorized as |φ〉 = v1⊗ v2⊗ v3,
with vi ∈ C3. The set of separable states is indeed
the set of tensors of rank 1. We denote by {|0〉, |1〉, |2〉}
the single-qutrit computational basis and we denote by
|ijk〉 = |i〉 ⊗ |j〉 ⊗ |k〉 the three-qutrit basis. Thereby, we
write a general three-qutrit state |ψ〉 ∈ H as:
|ψ〉 =
∑
i,j,k∈J0,2KAijk|ijk〉, where Aijk ∈ C. (1)
Let G be the group of Stochastic Local Operation and
Classical Communication (SLOCC) of three-qutrits (act-
ing on P(H)), we have G = SL3(C)× SL3(C)× SL3(C).
The group G acts transitively on the set of separable
states.The corresponding orbit, which is the equivalence
class of |000〉 for the equivalence relation defined by
∀ |ψ1〉, |ψ2〉 ∈ P(H), |ψ1〉 ∼ |ψ2〉 ⇔ ∃g ∈ G |ψ1〉 = g.|ψ2〉,
(2)
is also called the highest weight orbit. Its projectiviza-
tion is the unique smooth orbit X for the action of G on
P(H), more precisely:
X = P(G.|000〉) = {The set of separable states} ⊂ P26.
(3)
We can parametrize this unique smooth orbit X using
the Segre embedding [8] of three projective planes:
∗ frederic.holweck@utbm.fr
† hamza.jaffali@utbm.fr
S : P2 × P2 × P2 → P26 (4)
with
S([x0 : x1 : x2], [y0 : y1 : y2], [z0 : z1 : z2])
= [x0y0w0 : · · · : WJ : · · · : x2y2z2] (5)
where WJ = xiyjzk for J = {i, j, k} ∈ J0, 2K3.
The monomials are ordered according to the value in
base 3 of their indexes, such that WJ1 ≺ WJ2 iff 9i1 +
3j1 + k1 ≤ 9i2 + 3j2 + k2.
Let us introduce the notion of hyperplane to implement
our construction. We denote by 〈ϕ|, a linear form on H
defined by the state |ϕ〉 via the inner product on the
Hilbert space. The hyperplane Hϕ ⊂ P(H) = P26 is the
zero locus of 〈ϕ|, i.e. is the set of states |ψ〉 ∈ P(H) such
as 〈ϕ|ψ〉 = 0. Then we construct the hyperplane section
Hϕ∩X, that is the restriction of 〈ϕ| to X. In other words
this hyperplane section is the set of separable states on
which 〈ϕ| vanishes. Let 〈ϕ| = ∑i,j,k∈J0,2K hijk〈ijk| be
the linear form defining the hyperplane Hϕ. Then the
hyperplane section Hϕ∩X will be, according to the Segre
map (see Eq. (5)), the Xϕ-hypersurface of X given by
〈ϕ|S(P2×P2×P2)〉 =
∑
i,j,k∈J0,2Khijkxiyjzk = 0, hijk ∈ C.
(6)
The corresponding Xϕ-hypersurface may be smooth
or have singularities. Because the variety X is G-
homogeneous the singular types of the Xϕ-hypersurface
and the Xg.ϕ-hypersurface are the same for any g ∈ G.
In other words the singular type of the Xϕ-hypersurface
is a SLOCC invariant of the state |ϕ〉. Therefore it is
natural to look at the entangled classes and characterize
them in terms of the singularities of the corresponding
Xϕ-hypersurfaces. In particular if we restrict our atten-
tion to those Xϕ-hypersurfaces which have only isolated
singularities, then we can use classification results from
singularity theory. In particular in the article we show
that only a few types of isolated singularities can be ob-
tained by this construction in the case of three-qutrit
systems. We prove:
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2Theorem 1 Let Hϕ∩X be a singular hyperplane section
of the algebraic variety of separable states for three-qutrit
systems, i.e. X = S(P2 × P2 × P2) ⊂ P26, defined by a
quantum pure state |ϕ〉 ∈ P26. Then Hϕ∩X only admits
simple or nonisolated singularities. Moreover if x is an
isolated singular point of Hϕ ∩X, then its singular type
is either A1, A2, A3 or D4.
The construction employed by the authors was already
used to get a finer grained classification of the four-qubit
classification by the first author (see [10]). This con-
struction is inspired by a construction due to F. Knop
[11]. The paper is organized as follows: In Sec. II we re-
call some basic facts about singularity theory to explain
how the calculations leading to Theorem 1 are performed.
Then in Sec. III we prove Theorem 1. In Sec. IV we
look at the hierachy of entangled classes given by singu-
lar types. Sec. V is dedicated to concluding remarks.
II. SIMPLE SINGULARITIES
In this section we first recall the definition of sim-
ple singularities of complex analytic functions follow-
ing Arnold’s classification of simple singularities [1, 2].
Arnold’s caracterization of simple singularities leads to a
pratical way of computing the singular type of those as
it was done in [10]. We then show how to proceed on two
examples.
A. Arnold’s classification of simple singularities
The Segre variety X = S(P2 × P2 × P2) ⊂ P26 being a
rationnal algebraic variety, the Xϕ-hypersurfaces will be
defined by complex homogenous polynomials. The defi-
nition (and classification) of simple singularities following
Arnold is given in the more general situation of (germs
of) holomorphic map f : Cn → C.
Definition II.1 A point x ∈ Cn is said to be a critical
point of a holomorphic function f if at that point x the
derivatives of f equal zero.
Definition II.2 A critical point is said to be a non-
degenerate or a Morse critical point iff the second
differential of the function at that point is a nondegener-
ate quadratic form i.e. iff the Hessian matrix of f at the
critical point is of full rank.
Definition II.3 The corank of a critical point of a
function is the dimension of the kernel of its second dif-
ferential at the critical point.
Let us consider now the set On of function-germs at
the point 0 ∈ Cn. Let Dn denote the group of germs of
biholomorphic maps g : (Cn, 0) → (Cn, 0). This group
acts on the space On by the rule g(f) = f ◦ g−1, where
f ∈ On and g ∈ Dn. Then, the orbits for this action are
exactly the equivalence classes of function-germs.
Definition II.4 Two function-germs at zero are said to
be equivalent if one is taken into the other by a biholo-
morphic change of coordinates that keeps the point zero
fixed.
We can now define a singularity by:
Definition II.5 Two critical points are said to be
equivalent if the function-germs that define them are
equivalent. The equivalence class of a function-germ at a
critical point is called a singularity.
Remark II.1 From the definition, it follows that the
corank of a singular point will be an invariant of the
equivalence class defining the singularity. Thus a sin-
gularity will be nondegenerate or quadratic or of Morse
type if and only if its corank is zero.
Definition II.6 Two function-germs f : (Cn, 0) →
(C, 0) and h : (Cm, 0) → (C, 0) are said to be stably
equivalent if they become equivalent after the addition
of nondegenerate quadratic forms in supplementary vari-
ables:
f(x1, . . . , xn)+x
2
n+1+· · ·+x2k ∼ h(y1, . . . , ym)+y2m+1+· · ·+y2k
This definition allows us to compare degeneracies of
critical points of functions of different numbers of vari-
ables. Adding quadratic terms of full rank in new vari-
ables do not affect the classification of the singular type.
There exists another invariant of singularities usefull
to distinguish between singularity types with the same
corank. This invariant is the Milnor number, also called
the multiplicity of the critical point, and it is defined by
introducing the following quotient:
Definition II.7 The local algebra Qf of the singu-
larity of f is defined to be the quotient of the algebra of
function-germs by the gradient ideal of f :
Qf = On/I∇f
with I∇f = On〈f1, . . . , fn〉, the gradient ideal gener-
ated by the partial derivatives fi = ∂f/∂xi of the func-
tion f .
Definition II.8 The multiplicity of the critical point,
i.e. the Milnor number µ of a singular germ (f, 0), is
equal to the dimension of the local algebra of (f, 0) ,
µ = dimC(Qf ) = dimC(On/I∇f )
It can be shown that a critical point is isolated if, and
only if, µ <∞.
Simple singularities were defined by Arnold as the class
of singularities which are stable in the following sense.
Definition II.9 A singularity (f, 0) is said to be simple
if and only if a (sufficiently) small perturbation of the sin-
gularity generates only a finite number of non-equivalent
classes.
3Remark II.2 It is clear from the definition that a
Morse singularity (f, 0) is simple as any funtion f + εh
(for a small ) will be either nonsingular or with Hessian
matrix of full rank.
In his classification of simple singularities [2], Arnold
proved that being simple is equivalent to the following
conditions:
• µ <∞
• corank( ∂2f∂xi∂xj (x0)) ≤ 2
• if corank( ∂2f∂xi∂xj (x0)) = 2, then the cubic term in
the degenerate direction of the Hessian matrix is
non-zero
• if corank = 2 and the cubic term is a cube, then
µ < 9.
With those conditions Arnold obtained the classifica-
tion of simple singularities into five different types, two
infinite series, An and Dn, and three exceptional ones,
E6, E7 and E8, leading to the well-known classificiation
of simple singularities (Table I):
An, n ≥ 1 Dn, n ≥ 4 E6 E7 E8
xn+1 x2y + yn−1 x3 + y4 x3 + xy3 x3 + y5
TABLE I. Normal forms of simple singularities
Remark II.3 A function germ (f, 0) with a simple sin-
gularity is stably equivalent to one of the normal forms
of Table I.
Remark II.4 According to the notation of Table I,
Morse singularity are of type A1.
B. Computing the Xϕ-hypersurface singular type
We now show on two pratical examples how to calcu-
late the singular type of the Xϕ-hypersurface defined by
|ϕ〉.
Example II.1 Let Hϕ1 ∈ P(H∗) be a hyperplane, for
the linear form 〈ϕ1| = 〈000| + 〈111| + 〈222|. The hy-
perplane section Hϕ1 ∩ X is tangent to |A〉 = |021〉.
Indeed a tangent vector to X at |A〉 is of the form
|t1〉 = α|121〉+β|221〉+ δ|001〉+σ|011〉+λ|020〉+ |022〉
and we can easly check that 〈ϕ1|t1〉 = 0. The function
defining Hϕ1 ∩ X corresponds to the restriction of the
linear form to X, which is expressed as:
f1(x0, x1, x2, y0, y1, y2, z0, z1, z2) = x0y0z0+x1y1z1+x2y2z2.
(7)
Besides, f1 can be written in the chart [0, 2, 1], corre-
sponding to x0 = y2 = z1 = 1, as a non-homogeneous
polynomial in 6 variables:
f1(x1, x2, y0, y1, z0, z2) = y0z0 + x1y1 + x2z2. (8)
Then we search for singular points of this form, by
resolving the two equations f1(x1, x2, y0, y1, z0, z2) = 0
and ∇f1(x1, x2, y0, y1, z0, z2) = 0. This is equivalent to
solve the equations:
 y0z0 + x1y1 + x2z2 = 0y1 = 0, z2 = 0, z0 = 0x1 = 0, y0 = 0, x2 = 0 (9)
We find thus a unique solution that is x1 = x2 = y0 =
y1 = z0 = z2 = 0, which corresponds to |A〉 = |021〉 in
this chart. The Hessian matrix of f1, at x = |A〉, is,

0 0 0 1 0 0
0 0 0 0 0 1
0 0 0 0 1 0
1 0 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0

which is of rank 6, that is the full rank. So we can
conclude that the point |A〉 = |021〉 of Hϕ1 ∩ X is an
isolated singular point of type A1.
Example II.2 Let Hϕ2 ∈ P(H∗) be a hyperplane, for
the linear form 〈ϕ2| = 〈012| + 〈021| + 〈102| + 〈110| +
〈111|+ 〈200|. The hyperplane section Hϕ2 ∩X is tangent
to |B〉 = |222〉. Indeed a tangent vector to X at |B〉 is of
the form |t2〉 = α|022〉+β|122〉+δ|202〉+σ|212〉+λ|220〉+
|221〉 and we can easly check that 〈ϕ2|t2〉 = 0. The
function defining Hϕ2 ∩X corresponds to the restriction
of the linear form to X, which is expressed as:
f2(x0, x1, x2, y0, y1, y2, z0, z1, z2) = x0y1z2 + x0y2z1 + x1y0z2
+ x1y1z0 + x1y1z1 + x2y0z0
(10)
Besides, f2 can be written in the chart [2, 2, 2], corre-
sponding to x2 = y2 = z2 = 1, as a non-homogeneous
polynomial in 6 variables:
f2(x0, x1, y0, y1, z0, z1) = x0y1 + x0z1 + x1y0 + x1y1z0
+ x1y1z1 + y0z0
(11)
Then we search for singular points of this form, by re-
solving the two equations f2(x0, x1, y0, y1, z0, z1) = 0 and
∇f2(x0, x1, y0, y1, z0, z1) = 0. It is equivalent to solve the
equations:

x0y1 + x0z1 + x1y0 + x1y1z0 + x1y1z1 + y0z0 = 0
y1 + z1 = 0, y0 + y1z0 + y1z1 = 0,
x1 + z0 = 0, x0 + x1z0 + x1z1 = 0,
x1y1 + y0 = 0, x0 + x1y1 = 0
(12)
4We find a unique solution that is x0 = x1 = y0 =
y1 = z0 = z1 = 0, which corresponds to |B〉 = |222〉 in
this chart. The corresponding Hessian matrix of f2, at
x = |B〉, is

0 0 0 1 0 1
0 0 1 0 0 0
0 1 0 0 1 0
1 0 0 0 0 0
0 0 1 0 0 0
1 0 0 0 0 0

which is of rank 4. One can check, using for instance
the software SINGULAR [5], that the Milnor number of
this singular hypersurface is µ = 4. So we conclude that
the point |B〉 = |222〉 of Hϕ2 ∩X is an isolated singular
point of type D4.
III. PROOF OF THEOREM 1
In order to prove Theorem 1, the computation of the
singular type of all Hϕ∩X sections is needed. The orbits
of P(H), under the action of G, correspond Nurmiev’s
classification of 3× 3× 3 matrices under the action of G
[13]. Moreover, the singularity of an orbit is the same
for all the representatives of the latter. According to
Nurmiev classification, the G-orbits of the three-qutrit
Hilbert space consist of 5 families (1 family is parameter
free — the nullcone — and the 4 others depend on param-
eters). Normal forms for each family are known [13]. So,
for each Nurmiev’s normal form, we compute the corre-
sponding hyperplane section and study its singular type.
We focus specifically on singular isolated points. We can
thus determine the singular type of these points, by us-
ing a formal algebraic computing software, putting into
practice the steps explained in examples II A and II B.
The results obtained prove Theorem 1, i.e. only A1, A2,
A3 and D4 singular types are reached as shown in Table
II and Table III where the result of each calculation is
provided.
For defining more easly each family of Nurmiev’s nor-
mal forms and the corresponding hyperplanes, let us de-
note X1 = 〈000|+〈111|+〈222|, X2 = 〈012|+〈120|+〈201|
and X3 = 〈021| + 〈102| + 〈210|. Each family is a linear
combination of those linear forms, plus a nilpotent part,
and the complex coefficients associated to X1, X2 and
X3 must verify a set of conditions, listed as follows:
• First family: abc 6= 0, (a3 + b3 + c3)3− (3abc)3 6= 0.
• Second family: b(a3 + b3) 6= 0, c = 0.
• Third family: a 6= 0, b = c = 0.
• Fourth family: c = −b 6= 0, a = 0.
Orbit Hyperplane Singular
type
N1 〈012|+ 〈021|+ 〈102| A3
+〈111|+ 〈120|+ 〈200|
N2 〈012|+ 〈021|+ 〈102| D4
+〈110|+ 〈111|+ 〈200|
N3 〈002|+ 〈011|+ 〈020| Non-
+〈101|+ 〈112|+ 〈200| isolated
N4 〈002|+ 〈011| Non-
+〈101|+ 〈110|+ 〈220| isolated
N5 〈002|+ 〈020| Non-
+〈021|+ 〈110|+ 〈201| isolated
N6 〈002|+ 〈011| Non-
+〈101|+ 〈120|+ 〈210| isolated
N7 〈002|+ 〈011| Non-
+〈020|+ 〈101|+ 〈210| isolated
N8 〈002|+ 〈020| Non-
+〈111|+ 〈200| isolated
N9 〈000|+ 〈011| Non-
+〈111|+ 〈122| isolated
N10 〈002|+ 〈011|+ 〈020| Non-
+〈101|+ 〈110|+ 〈200| isolated
N11 〈002|+ 〈020| Non-
+〈101|+ 〈210| isolated
N12 〈002|+ 〈020| Non-
+〈100|+ 〈111| isolated
N13 〈002|+ 〈011| Non-
+〈020|+ 〈101|+ 〈110| isolated
N14 〈002|+ 〈010| Non-
+〈021|+ 〈100|+ 〈201| isolated
N15 〈011|+ 〈022|+ 〈100| Non-
isolated
N16 〈002|+ 〈011| Non-
+〈020|+ 〈100| isolated
N17 〈001|+ 〈010| Non-
+〈102|+ 〈120| isolated
N18 〈000|+ 〈011| Non-
+〈101|+ 〈112| isolated
N19 〈002|+ 〈010|+ 〈101| Non-
isolated
N20 〈000|+ 〈111| Non-
isolated
N21 〈001|+ 〈010|+ 〈100| Non-
isolated
N22 〈000|+ 〈011|+ 〈022| Non-
isolated
N23 〈000|+ 〈011| Non-
isolated
N24 〈000| Non-
isolated
TABLE II. Hyperplanes and the singular types of the corre-
sponding Xϕ-hypersurfaces for |ϕ〉 in the nullcone of three-
qutrit states. The trivial orbit is omitted.
The parameter free family of Nurmiev’s classification
is called the nullcone and contains only nilpotent orbits.
Geometrically the nullcone N ⊂ P26 is a variety of di-
mension 23 given by the zero locus of the three genera-
tors of the algebra of SLOOC-invariant polynomials on
C3⊗C3⊗C3. In other words the states of the nullcone an-
5Orbits Hyperplane Params Sing.
type
F1,1 a.X1 + b.X2 a,b,c generic Smooth
+c.X3 section
F2,1 a.X1 + b.X2 a,b generic A1
+〈021|+ 〈102| a = 0 3A1
F2,2 a.X1 + b.X2 a,b generic 2A1
+〈021| a = 0 3A1
F2,3 a.X1 + b.X2 a,b generic 3A1
+〈201| a = 0 3A1
F3,1 a.X1 + 〈012|+ 〈021| a generic 2A1
+〈102|+ 〈120|
F3,2 a.X1 + 〈012| a generic 3A1
+〈021|+ 〈102|
F3,3 a.X1 + 〈012| a generic 3A1
+〈021|+ 〈120|
F3,4 a.X1 a generic 4A1
+〈012|+ 〈021|
F3,5 a.X1 a generic 4A1
+〈012|+ 〈120|
F3,6 a.X1 a generic 4A1
+〈021|+ 〈102|
F3,7 a.X1 a generic 5A1
+〈012|
F3,8 a.X1 a generic 5A1
+〈021|
F3,9 a.X1 a generic 6A1
F4,1 b(X2 −X3) + 〈002| b generic A2
+〈020|+ 〈111|+ 〈200|
F4,2 b(X2 −X3) + 〈002| b generic A3
+〈011|+ 〈020|+ 〈101|
+〈110|+ 〈200|
F4,3 b(X2 −X3) b generic D4
+〈000|+ 〈111|
F4,4 b(X2 −X3) + 〈001| b generic Non-
+〈010|+ 〈100|+ 〈200| isolated
F4,5 b(X2 −X3) b generic Non-
+〈000| isolated
F4,6 b(X2 −X3) b generic Non-
isolated
TABLE III. Hyperplanes and the singular types of the corre-
sponding Xϕ-hypersurfaces where |ϕ〉 is a state depending on
parameters.
nilhate all three-qutrit invariant polynomials. See [4] for
a discussion on invariants and covariants of three-qutrit
states and also [9] for an analysis of the nullcone in the
four-qubit case.
IV. ENTANGLEMENT CLASSES AND
ONION-LIKE STRUCTURE OF 3-QUTRITS
Quantum states SLOCC-equivalent to F1,1 are
semisimple states and are the most stable states in the
sense that perturbing the state |F1,1〉 |F1,1〉+ε|ϕ〉 will
not change the family of that state. From our perspective
this can also be understood from the fact that HF1,1 ∩X
is a smooth hypersurface and that a small perturbation of
a smooth hypersurface will still give a smooth hypersur-
face. In this respect the hypersurface having only simple
singularities are the next most stable ones. Following
Arnold’s definition of simple singularities, the knowledge
of the singular type of a Xϕ-hypersurface provides infor-
mation about the possible deformations of the singular
hypersurface under a small perturbation. In particular
the miniversal deformation of a D4 singularity gives sin-
gularities of type A3, A2 and A1 according to the adja-
cency diagram (Eq (13)).
A1 ← A2 ← A3 ← D4 (13)
Thus from the entanglement nature of the states corre-
sponding to the normal forms F4,3 (resp. N2), we can
infer that a small perturbation of the state will lead to
states of type F4,2 (resp. N1), F4,1, F2,1 and F1,1.
The study of the singular type of the Xϕ-hypersurface
can also be reinterpreted in terms of singular locus of the
dual variety of X. Recall that the dual variety X∗ is the
(algebraic closure of the) set of tangent hyperplanes, i.e.
X∗ = {H ∈ P(V ∗),∃x ∈ X,TxX ⊂ H} (14)
where TxX denotes the tangent space of X at x. For
X = S(P2×P2×P2), the varietyX∗ is a SLOCC-invariant
hypersurface called hyperdeterminant of format 3×3×3
(see [7] for the theory of hyperdeterminant in general
and [3] for the 3 × 3 × 3 hyperdeterminant in particu-
lar). The hyperdeterminant can be used, as suggested
by Miyake [12], to describe classes of entanglement by
looking at the singular locus of this SLOCC-invariant
hypersurface. The smooth points of the hypersurface
correspond to hyperplanes defining hyperplane sections
with a unique Morse singularity (the hyperplanes which
do not belong to the hypersurface define smooth hyper-
plane sections, they correspond to states of type |F1,1〉,
as mentioned above, for a general choice of parameters).
Then there are two types of singular points: either they
form a node component X∗node (the corresponding hyper-
plane section has several isolated singular points) or they
form a cusp component X∗cusp (the singular hyperplane
section is not a Morse singularity). Those defintions were
introduced by Weyman and Zelevinsky [16] and later on
used by Miyake in the context of entanglement [12]. A
result of Dimca [6] and Parusinski [14] insures moreover
that the multiplicty of a hyperplane (seen as a point) of
the dual variety equals the sum of the Milnor numbers of
the corresponding hyperplane section. Therefore Table
III tells us that, for instance, the state |F2,3〉 belongs to
X∗node,3 (the set of node points of multiplicity 3) while
|F4,2〉 belongs to X∗cusp,3. Therefore our results allows
us to describe the stratification induced by the singular
point of X∗. It provides an onion-like structure, following
the words of Miyake, to describe the three-qutrit entan-
glement (see Figure 1).
In this picture the stratification of the ambiant space
by SLOCC invariant subvarieties can directely be read
from the singular locus of X∗.
6FIG. 1. Onion-like structure of the 3-qutrits Hilbert space
V. CONCLUSION
In this paper we employed the classification of sim-
ple singularities to look at the three-qutrit entanglement
following the approach of [10]. This allows us to iden-
tify the Nurmiev’s normal forms as components of the
singular locus of the dual variety of the set of separable
states. This stratification provides an onion-like descrip-
tion of the classes of entanglement for the three-qutrit
case. Back to the simple singular types which show up
in Table II and Table III, it is quite surprising to see
that the worst isolated singular point is of type D4. It
was already the case observed in [10] for the four-qubit
case. However in the four-qubit case the appearence of
the D4-type was expected in the sense that the Lie group
SO(8), of Dynkin diagram D4, plays a major role in the
orbit classification of four-qubit entanglement [15]. Thus
in this case the D4 singularity was providing an ADE-
type correspondence between Lie group and singulariy of
the same ADE Dynkin diagram. In [10] this correspon-
dence could be clearly understood from the expression of
the 2×2×2×2 hyperdeterminant, i.e. the dual equation
of the variety of separable states, which could be written
in the form of the discriminant of the miniversal defor-
mation of a D4 singularity. In the case of three-qutrit the
correspondence is more mysterious and a direct relation
between the expression of the 3×3×3 hyperdeterminant,
as calculated in [3], and the discriminant of the minversal
deformation of D4 is still missing.
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